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CONFORMALLY EMBEDDED SPACETIMES AND THE SPACE
OF NULL GEODESICS
JAKOB HEDICKE AND STEFAN SUHR
Abstract. It is shown that the space of null geodesics of a causally simple
Lorentzian manifold is Hausdorff if it admits an open conformal embedding
into a globally hyperbolic spacetime. This provides an obstruction to confor-
mal embeddings of causally simple spacetimes into globally hyperbolic ones
irrespective of curvature conditions. Examples of causally simple spacetimes
are given not conformally embeddable into globally hyperbolic ones.
1. Introduction
Let (M, g) be a spacetime, i.e. a connected time-oriented Lorentzian manifold.
The set of null geodesics of (M, g) naturally carries a topology as the quotient of
the null cones {v ∈ TM | g(v, v) = 0, v 6= 0} by the actions of the geodesic flow
and the Euler vector field. It is shown in [9] the space of null geodesics Ng retains
a smooth structure from the tangent bundle if the spacetime is strongly causal. In
general, though, this smooth structure does not induce a manifold structure since
the topology might not be Hausdorff. A simple example is given by Minkowski
space from which one point is deleted.
Up to this point only two classes of spacetimes were known where Ng is a smooth
manifold. On the one hand are the globally hyperbolic spacetimes, for which the
space of null geodesics is diffeomorphic to the spherical tangent bundle of any
Cauchy hypersurface, see [11]. One the other hand are the Zollfrei spacetimes, see
[7, 14]. Zollfrei spacetimes are compact Lorentzian manifolds such that the geodesic
flow restricted to the null cones induces an fibration by circles. The geodesic flow
thus projects to a free circle action, which readily implies that the orbit space is a
smooth manifold.
If the space of null geodesics is not Hausdorff, it is shown in [9] that the spacetime
must admit a naked singularity, i.e. there exists a PIP that contains a TIP (see [6]
for definitions). In [10] it is shown that the Hausdorff property of Ng is equivalent
to the null pseudoconvexity of the spacetime. Null pseudoconvexity is a causal
condition, which up to this point does not fit into the causal hierarchy, see [13]. In
this context it is interesting to determine the precise position in the causal hierarchy.
Motivated by work on the interplay between causal relations in spacetimes and
the contact geometry of Ng Chernov posed in [5] two conjectures on causally simple
spacetimes and their spaces of null geodesics. More precisely he conjectured that
(1) every causally simple spacetime admits a conformal embedding into a globally
hyperbolic one and (2) if such a conformal embedding exists, the space of null
geodesics embeds as an open (contact) submanifold. In section 2 below counterex-
amples to both conjectures are discussed.
The main purpose of this article though is to give a proof to the weaker for-
mulation of the second conjecture (Theorem 2.5 below) saying that if a causally
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simple spacetime conformally embeds into a globally hyperbolic one, the space of
null geodesics is Hausdorff, thus showing that in this case the space of null geodesics
is a smooth contact manifold. With the richness of examples of such spacetimes
one can expect new classes of contact manifolds to appear, possibly with exotic
contact geometric properties. In the contraposition Theorem 2.5 gives an obstruc-
tion to the existence of a conformal embedding of a causally simple spacetime into
a globally hyperbolic one. The construction in Theorem 2.7 provide examples of
causally simple spacetimes whose space of null geodesics is not Hausdorff and which
are therefore not conformally embeddable into a globally hyperbolic spacetime.
2. Results
Let (M, g) be a spacetime, i.e. a time-oriented Lorentzian manifold. The space
of null geodesics Ng of (M, g) is defined as follows, see [11]: The basic outline is
given in the following for the convenience of the reader. The metric g induces a
Hamiltonian function
Eg : T
∗M → R, α 7→ g∗(α, α)
where g∗ denotes the dual metric of g. The Hamiltonian flow of Eg, also called the
cogeodesic flow, with respect to the canonical symplectic structure on T ∗M is dual
to the geodesic flow of (M, g) via the Legendre transform of g. Denote with Xg the
generator, i.e. the symplectic gradient of Eg, of the Hamiltonian flow of Eg. It is
well known that the cogeodesic flow is tangent to the level sets of Eg. Thus the
future pointing dual null cones
L∗M := {α ∈ T ∗M | g∗(α, α) = 0, α 6= 0, α = g(v, .) for v future pointing}
are preserved by the flow. One decisive feature which sets L∗M apart from the
other level sets of Eg is that it is invariant under homotheties α 7→ tα for t > 0.
The Euler vector field ξ is thus tangent to the dual null cones as well.
It is easy to see that the commutator of Xg and ξ is co-linear to Xg, i.e. by
Frobenius’ Theorem their span forms an integrable distribution on the cotangent
bundle and by restriction an integrable distribution on L∗M . Denote with Fnull the
induced foliation of L∗M . By construction a leaf of Fnull consists of the cotangents
g(γ˙(t), .) to a null geodesics γ and all its orientation preserving affine reparame-
terizations. Denote the leaf space of Fnull with Ng. The leaf space can identified
with the space of null geodesics that coincide up to affine parametrizations. Equip
Ng with the quotient topology relative to Fnull. The quotient topology on Ng can
be characterized via aa definition of convergence of sequences: One says that the
sequence {κn}n∈N ⊂ Ng converges to κ ∈ Ng if there exist affine parametrizations
ηn of κn and η of κ such that η˙n(0)→ η˙(0).
If (M, g) is strongly causal every leaf of Fnull is closed, i.e. the leafs are 2-
dimensional submanifolds of L∗M . In this case the leaf space Ng inherits a smooth
structure from L∗M , see [4, Proposition 11.4.2]. Recall that a smooth structure
on a space M is by definition a maximal atlas of homeomorphisms ϕ : Uϕ → V ϕ,
called charts, between open sets Uϕ ⊂M and V ϕ ⊂ Rn such that every change of
chart is a smooth map between open subsets of euclidian space. Thus all notions
of calculus are well defined in the case of smooth structures as well.
Proposition 2.1. If the smooth structure of L∗M descends to Ng, then Ng inherits
a canonical contact structure from the kernel of the canonical 1-form θ on T ∗M .
Proof. First note that both Xg and ξ lie in ker θ along L∗M . Further note that the
cogeodesic flow preserves θ and the flow of the Euler vector field preserves ker θ.
Thus the distribution ker θ induces a well-defined hyperplane distribution on the
quotient of L∗M by the action of Xg and ξ.
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Now fix α ∈ L∗M . Choose tangent vectors V1, . . . , V2n−3 ∈ TL∗Mα such that
{Xg, ξ, V1, . . . , V2n−3}
forms a basis of TL∗Mα. Further chooseW ∈ TT ∗Mα with dθ(W, ξ) = dθ(W,Vi) =
0 for all i = 1, . . . , 2n− 3. Then one has
0 6=(dθ)n(W,Xg, ξ, V1, . . . , V2n−3)
=dθ(W,Xg) · (dθ)n−1(ξ, V1, . . . , V2n−3)
=− dEg(W ) · θ ∧ (dθ)n−2(V1, . . . , V2n−3),
i.e. ker θ ∩ TL∗M is a well defined smooth distribution by hyperplanes in TL∗M
which induces a well defined contact structure on Ng. 
In case the spacetime (M, g) is globally hyperbolic it is well known [11] that Ng
with the induced contact structure is contactomorphic to the unit tangent bundle
of any smooth Cauchy hypersurface in (M, g) with its canonical contact structure.
For a spacetime (M,G) denote with J+G ⊂M×M the causal relation in (M,G).
Similarly denote with I+
G
⊂ M ×M the chronological relation and the horismo
relation of (M,G) with E+
G
:= J+
G
\ I+
G
, see [13].
Proposition 2.2. Let (M, g) be a spacetime such that the space of null geodesics
Ng is Hausdorff. Then the horismos E+g is closed.
Remark. The fact that E+g (p) := E
+
g ∩ {p} ×M and E−g (p) := E+g ∩M × {p}
are closed for every p ∈M does not in general imply that E+g is closed as a subset
of M ×M . Consider for example the Minkowski space L2 with a point removed.
Then E±g (p) is closed for every p, but there exist sequences (pn, qn) ∈ E+g with
(pn, qn)→ (p, q) ∈M ×M and (p, q) /∈ E+g .
Proof of Proposition 2.2. Assume that Ng is Hausdorff. Let
{(pn, qn)}n∈N ⊂ E+g
be a convergent sequence with limit (p, q) ∈ M ×M . By definition there exists a
sequence
{γn : [0, Tn]→M}n∈N
of null geodesics connecting pn with qn. Up to passing to a subsequence one can
assume that γ˙n(0) and γ˙n(Tn) normalized with respect to a Riemannian metric
converge to null vectors v ∈ TMp and w ∈ TMq, respectively. That is equivalent to
saying that the sequence {[γn]}n∈N converges in Ng to classes represented by γv and
γw, where γ˙v(0) := v and γ˙w(0) := w define the geodesics. Since Ng is Hausdorff
one concludes [γv] = [γw]. Thus the point q lies on γv, which shows (p, q) ∈ J+g . It
is obvious that (p, q) /∈ I+g since otherwise it follows (pn, qn) ∈ I+g for sufficiently
large n which contradicts the assumption (pn, qn) ∈ E+g = J+g \ I+g . Therefore one
has (p, q) ∈ E+g . 
Definition 2.3 ([13]). A spacetime (M, g) is causally simple if it is causal and J+g
is closed.
Proposition 2.4. Let (M, g) be a simply connected two dimensional spacetime.
Then Ng is a smooth manifold if and only if (M, g) is causally simple.
The conformal class of g is defined as
[g] := {efg|f ∈ C∞(M,R)}.
Let (M, g) and (N, h) be smooth Lorentzian manifolds of the same dimensionm ≥ 2.
Assume that (M, g) embeds conformally as an open subset into N , i.e. there exists
an open embedding i : M →֒ N such that i∗h = efg for some function f : M → R.
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Theorem 2.5. Let M,N be smooth manifolds of the same dimension. Assume that
(N, h) is globally hyperbolic and (M, g) embeds conformally into (N, h). If (M, g)
is causally simple, the space of null geodesics Ng is a smooth contact manifold.
Remark. If (M, g) conformally embeds into (N, h) the canonical map Ng →֒ Nh
is an immersion, provided both spaces have a smooth structure. Taking this ob-
servation into account, Theorem 2.5 confirms a weaker version of [5, Conjecture
3.7].
Proof of Theorem 2.5. According to [9] the space Ng inherits a smooth structure if
(M, g) is strongly causal. Any causally simple spacetime is strongly causal, see [13].
The canonical 1-form on T ∗M induces a contact structure on Ng by Proposition
2.1. The topology of Ng is Hausdorff by the next proposition. 
Proposition 2.6. Let M,N be smooth manifolds of the same dimension. Assume
that (N, h) is globally hyperbolic and (M, g) embeds conformally into (N, h). If
(M, g) is causally simple the space of null geodesics Ng is Hausdorff.
Example. If (M, g) embeds conformally into (N, h) the space Ng does not in gen-
eral embed into Nh. Consider the two dimensional Minkowski spacetime I(N, h)
with N := R2 and the Lorentzian inner product h = dx2 − dy2. Let M be the
open interior of the convex hull of {(0, 0), (3/2, 1/2), (1, 1), (1/2,−1/2)}. Clearly
(M,dx2− dy2) is globally hyperbolic, hence causally simple. Next consider the quo-
tient N := N/Z where Z × R2 → R2, (k, (x, y)) 7→ (x + k, y). Since the action
is isometric for h, a Lorentzian metric is induced on N . This metric is globally
hyperbolic as well. Note that the canonical projection N → N is a diffeomorphism
from M onto its image which will be denoted with M as well. With this it follows
that M ⊂ N is globally hyperbolic. The null geodesic in N which lifts to the null ge-
odesic through (1/4, 1/4) with direction (−1, 1) intersects M ⊂ N twice. Therefore
the map Ng → Nh induced by the inclusion is not injective. This shows that one
cannot expect an embedding of Ng into Nh even if the (M, g) conformally embeds
into (N, h), thus giving a counterexample to [5, Conjecture 3.7].
Looking at the assumptions of Theorem 2.5 one can wonder if it is necessary to
assume the conformal embedding into a globally hyperbolic spacetime or if the space
of null geodesics for every casually simple spacetime is Hausdorff. The following
construction will show that both there are causally simple spacetimes which do
not embed into a globally hyperbolic one and whose space of null geodesics is not
Hausdorff. The constructed spacetime thus disproves [5, Conjecture 3.6].
Consider a smooth function r : R → R with r|(0,1) > 0, r(0) = r(1) = 0
and |r′(0)|, |r′(1)| < 12pi . The graph of r|(0,1) defines a surface of revolution Σ
parametrized by
X : (0, 1)× R→ R3, (x, ϕ) 7→ (x, r(x) cosϕ, r(x) sin(ϕ)).
The induced metric on Σ is given by
k =
[
1 + (r′(x))2
]
dx2 + r2(x)dϕ2.
Theorem 2.7. The spacetime
(M, g) = (R× Σ,−dt2 + k)
is causally simple. Further the space of null geodesics of (M, g) is not Hausdorff and
(M, g) does not admit a conformal embedding into a globally hyperbolic spacetime.
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3. proofs
3.1. Proof of Proposition 2.4. For orientable 2-dimensional spacetimes the co-
null cones are the union of two transversal 1-dimensional co-distributions. Thus the
space of null geodesics is the union of two leaf spaces of two transversal foliations
of M .
Assume first that (M, g) is causally simple. By [4, Proposition 11.4.2] it suffices to
show that Ng is Hausdorff. Since the quotient topology on Ng is second countable it
suffices to show that limits of sequences are unique. Let κ1, κ2 ∈ Ng and {κn}n∈N ⊂
Ng be a sequence with κn → κ1 and κn → κ2. Choose parametrizations η1 : J1 →
M , η2 : J2 → M and ηn : Jn → M of κ1, κ2 and κn, respectively and s ∈ J1 ∩ Jn
and t ∈ J2∩Jn with η˙n(s)→ η˙1(s) and η˙n(t)→ η˙2(t). By relabelling η1 and η2 one
can assume that s < t. Since (M, g) is causally simple one has (η1(s), η2(t)) ∈ J+M .
It is well known that in 2-dimensional spacetimes no pair of points is conjugated
along a null geodesic. Further since M is simply connected and the null geodesics
form two transversal foliations of M , no null geodesic of (M, g) has cut points.
Thus a null geodesic is up to parametrization the unique causal curve connecting
any pair of points on it. This shows η1 ≡ η2, i.e. κ1 = κ2. Thus limits in Ng are
unique, i.e. the quotient topology on Ng is Hausdorff.
Now assume that Ng is a smooth manifold. Since every leaf of Fnull is connected,
the manifold Ng is itself simply connected. Thus Ng is diffeomorphic to the disjoint
union of two open intervals I1, I2. Denote with fi : M → Ii for i = 1, 2 the canonical
maps. Note that both maps are smooth. By switching the orientation if necessary
one can assume that dfi(v) ≥ 0 for future pointing v ∈ TM and i = 1, 2. It follows
that v ∈ TM is future pointing if and only if df1(v) ≥ 0 and df2(v) ≥ 0.
Lemma 3.1. For p, q ∈ M one has (p, q) ∈ J+M if and only if f1(q) ≥ f1(p) and
f2(q) ≥ f2(p).
Proof. Assume that (p, q) ∈ J+M . Let γ : [0, 1] → M be a future pointing curve
between p and q. Then one has
fi(q)− fi(p) =
∫ 1
0
dfi(γ˙(t))dt ≥ 0
for i = 1, 2.
Now assume f1(q) ≥ f1(p) and f2(q) ≥ f2(p). Let α : [0, 1] → M be a curve
between p and q. Set
t1 := max{t ∈ [0, 1]| f1 ◦ α(t) = f1(p) or f2 ◦ α(t) = f2(p)}.
There exists null geodesic β1 : [0, t1] → M between p and α(t1) since the leafs
of the null foliations are connected. By the intermediate value theorem one has
fi(α(t1)) ≥ fi(p) for i = 1, 2, i.e. β1 is future pointing. Replace α|[0,t1] with β1.
For the resulting α1 : [0, 1]→M one has fi ◦ α1 ≥ fi(p) for i = 1, 2. Next let
t2 := min{t ∈ [0, 1]| f1 ◦ α1(t) = f1(q) or f2 ◦ α1(t) = f2(q)}.
The null geodesic β2 : [t2, 1]→M between α1(t2) and q exists and is future pointing
by the same argument as before. Replace α1|[t2,1] with β2. The resulting curve
α2 : [0, 1]→M satisfies fi(p) ≤ fi ◦ α2 ≤ fi(q) for i = 1, 2.
If f1 ◦ α2 or f2 ◦ α2 is constant, then p and q lie on a common null geodesic.
By the assumptions it follows that (p, q) ∈ J+M . One can thus assume that both
f1 ◦α2 and f2 ◦α2 are non-constant. Perturb α2 to a smooth curve α3 : [0, 1]→M
between p and q with fi(p) ≤ fi ◦ α3 ≤ fi(q) for i = 1, 2 and such that f1 ◦ α3
has only non-degenerate critical points. Choose a local minimum of f1 ◦ α3 and a
parameter s ∈ [0, 1] where it is attained. Let
r := min{r′| r′ < s, f1 ◦ α3(r′) = f1 ◦ α3(s)}.
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Replace α3|[r,s] with the future pointing null geodesic between the endpoints. Con-
tinue inductively over the set of local minima attained outside of [r, s]. For the
obtained Lipschitz continuous curve α4 : [0, 1]→ M all left- and right-sided differ-
entials α˙±4 exists and one has df1(α˙
±
4 ) ≥ 0.
Perturb α4 to a smooth curve α5 such that df1(α˙5) ≥ 0 and f2 ◦α5 has only non-
degenerate critical points. One distinguishes two cases: First, if f1 ◦α5 ≡ const the
curve α5 can be reparametrized to a future pointing null geodesic, thus showing
q ∈ J+M (p). Second, if df1(α˙5) > 0 somewhere, one can perturb α5 such that
df1(α˙5) > 0 everywhere. Choose a local minimum of f2 ◦ α5 and a parameter
u ∈ [0, 1] where it is attained and repeat the induction as in the last paragraph.
For the obtained Lipschitz continuous curve α6 : [0, 1]→M all left and right sided
differentials α˙±6 exists and one has df1(α˙
±
6 ), df2(α˙
±
6 ) ≥ 0. Thus all left and right
sided derivatives are future pointing, i.e. α6 is a future pointing curve connecting
p and q. 
3.2. Proof of Proposition 2.6.
Lemma 3.2. Let (M,G) be a spacetime such that E+G is closed and non-empty.
Consider a sequence
{(pn, qn)}n∈N ⊂ E+G
converging to (p, q) ∈ E+G and a sequence
{ηn : [0, bn]→M}n∈N
of null geodesics with ηn(0) = pn and ηn(bn) = qn. Then there exists a null geodesic
η connecting p and q such that up to a subsequence [ηn]→ [η] ∈ NG .
Proof. Choose a complete Riemannian metric onM. The following properties hold
up to a subsequence of {ηn}n∈N due to the limit curve theorem, see [12] or [3]: Let
ηRn : [0, cn] →M be a Riemannian arclength parametrisation of ηn. The sequence
{ηRn }n∈N converges uniformly on compact subsets with respect to the Riemannian
metric to a causal curve ηR : [0, c) → M with ηR(0) = p. Since the ηRn ’s are null
pregeodesics so will be ηR.
If c < ∞ one concludes that ηR extends uniquely to c with ηR(c) = q. Let
η : [0, b] → M be an affine parameterisation of ηR. It follows that η is a null
geodesic between p and q with [ηn]→ [η] ∈ NG .
Otherwise one has c = ∞ and ηR is future inextensible. Choose 0 < s < t <∞
and n sufficiently large such that t < cn. By a standard argument one has
(ηRn (s), qn), (η
R
n (t), qn), (η
R
n (s), η
R
n (t)) ∈ E+G .
The assumptions that ηRn (s) → ηR(s) and ηRn (t) → ηR(t) as well as that E+G is
closed imply
(ηR(s), q), (ηR(t), q), (ηR(s), ηR(t)) ∈ E+G .
The up to parametrisation unique causal curve connecting ηR(s) and q has to be
ηR since ηR is the unique causal curve between ηR(s) and ηR(t). Otherwise this
would imply q ∈ I+
G
(ηR(s)). This contradicts the future inextensibility of ηR. 
Let C+h ⊂ E+h denote the future null cut locus in N , i.e. (p, q) ∈ C+h if (p, q) ∈ E+h
and there exists a null geodesic from p to q that stops being unique at q, see [1,
Chapter 9]. Let
L+g := E
+
g ∩ (E+h \ C+h ).
Obviously is L+g the set of pairs of points in M connected by future directed causal
curve in (N, h) and (M, g) unique up to parametrisation.
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Lemma 3.3. Let M ⊂ N be open, h a globally hyperbolic Lorentzian metric on N
such that (M, g) := (M,h|M ) is causally simple. Then the set L+g is a connected
component of
(E+h \ C+h ) ∩ (M ×M).
Proof. Since (M, g) is causally simple the set E+g is closed in M ×M . Hence
L+g = E
+
g ∩ ((E+h \ C+h ) ∩ (M ×M))
is closed in (E+h \ C+h ) ∩ (M ×M) in the subspace topology.
To show that it is also open, assume that the complement of L+g ,
((E+h \ C+h ) ∩ (M ×M)) \ L+g ,
is not closed. Then there exists a sequence (pn, qn)→ (p, q) with
(pn, qn) ∈ ((E+h \ C+h ) ∩ (M ×M)) \ L+g and (p, q) ∈ L+g .
Thus there exist null geodesics ηn : [an, bn] → N connecting pn and qn converging
due to Lemma 3.2 to the unique null geodesic η : [a, b] → M connecting p and
q. Note that the ηn’s are unique up to parametrization since (pn, qn) ∈ E+h \ C+h
for all n ∈ N. The curves are further not contained in M since this would imply
(pn, qn) ∈ E+g , which contradicts the assumption (pn, qn) /∈ L+g . Hence there exist
points ηn(tn) ∈ N \M . A subsequence of ηn(tn) converges to a point η(t) ∈ M .
This contradictsM being open in N . Hence L+g is also open in (E
+
h \C+h )∩(M×M).
This shows that L+g is a union of connected components of (E
+
h \C+h ) ∩ (M ×M).
It remains to show that L+g is path-connected. Since h is globally hyperbolic the
set E+h \C+h contains the diagonal in N ×N . Since M is an open subset of N this
implies that E+g contains the diagonal of M ×M . Further for (p, q) ∈ E+h \C+h and
η : [0, 1]→ N a casual curve from p to q one has (p, η(t)) ∈ E+h \C+h for all t ∈ [0, 1].
The same goes for (p, q) ∈ E+M and any causal curve connecting the points in M .
This shows that L+g is path-connected. 
Lemma 3.4. Let (N, h) be a globally hyperbolic spacetime. Let η : I → N be an
inextensible null geodesic and s, u ∈ I with s < u such that η(u) ∈ E+h (η(s)). Then
for all t ∈ [s, u) there exists r ∈ I with r < s such that η|[r,t] is up to parametrization
the unique causal curve between η(r) and η(t).
Proof. Let the open set U ⊂ R× TN be the maximal domain of the geodesic flow
Φh : U→ TN of h. Recall that there exists a neighbourhood of the zero section in
TN such that {1} × U ⊂ U. Consider
V := {v ∈ TN |{1} × {v} ∈ U}
and define the exponential map of (N, h) as
Exp: V→ N ×N, v 7→ (πTN (v), πTN ◦ Φh(1, v)),
where πTN : TN → N denotes the canonical projection. Then the exponential map
at a point p ∈ N is defined as
expp : V ∩ TpN → N, v 7→ πTN ◦ Φh(1, v).
Both Exp and expp are smooth and dExpv : TvTN → T(p,expp(v))(N ×N) is non-
degenerate if and only if d(expp)v : Tv(TNp)→ Texpp(v)N is non-degenerate where
p := πTN (v), see e.g. [8].
If η(u) ∈ E+h (η(s)) for some u > s, then η|[s,ξ] is the unique causal curve in
N between η(s) and η(ξ) for all s < ξ < u. Since η is the unique causal geodesic
between η(s) and η(u) no η(ξ) is conjugate to η(s) along η for ξ ∈ (s, u), see [1]. This
yields d(expη(s))(ξ−s)η˙(s) is non-degenerate. By the above equivalence this implies
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that dExp is non-degenerate at v := (ξ−s)η˙(s). With the implicit function theorem
one knows that Exp is a local diffeomorphism from a neighborhood Uv of v in TN
onto a neighborhood Vv of (p, expp(v)) in N × N . Therefore η|[ν,ξ] is the unique
geodesic between η(ν) and η(ξ) for ν sufficiently close to s in a neighborhood of
η|[s,u]. The curve η|[ν,ξ] is in fact the unique causal geodesic between its endpoints in
N for ν close to s. Indeed assume that there exists a causal geodesic η˜ : [ν, ξ]→ N
different from η|[ν,ξ] with η˜(ν) = η(ν) and η˜(ξ) = η(ξ). Since η˜ has to leave
a neighborhood of η|[s,u] every limit curve of η˜ for ν → s is a causal geodesic
between η(s) and η(ξ) different from η|[s,ξ]. This contradicts the assumption that
η(u) ∈ E+h (η(s)). The limit geodesic exists by the limit curve theorem in [12, 3]
and the assumption that N is globally hyperbolic. 
Lemma 3.5. Let N be a smooth manifold of dimension at least 3, M ⊂ N open
and (N, h) globally hyperbolic such that (M,h|M ) is causally simple. Further let
η : [−1, 1] → N be a null geodesic with η|[−1,0) ⊂ M and ηn : [−1, 1] → M be a
sequence of null geodesics with η˙n(0)→ η˙(0). Assume
[un, 1] := η
−1
n (J
+
h (η(0))) 6= ∅
for infinitely many n ∈ N and lim inf un = 0. Then one has η(0) ∈M .
Proof. Choose an h-convex neighborhood V of η(0). Fix ρ ∈ [−1, 0) such that
η(ρ) ∈ V and an h|M -convex neighborhood W ⊂M of η(ρ).
Let τ : N → R be a smooth temporal function. By diminishing V and W one
can assume that the intersection of both E+h (p) and E
−
h (p) with
Wρ := W ∩ {τ = τ(η(ρ))}
is path connected for all p ∈ V . Further one can assume that τ(ηn(ρ)) = τ(η(ρ))
for all n. If η(0) ∈ ηn for some n the claim is trivial. Thus one can assume
ηn(un) ∈ J+h (η(0)) \ {η(0)} for all n ∈ N. Then the assumption on ηn implies that
one can find υ ∈ (0, 1) such that
ηn(υ) ∈ I+h (η(0)) ∩ V
for infinitely many n. Choose a compact neighborhood W ′ρ of η(ρ) in Wρ such that
there exists
p ∈ E−h (η(υ)) ∩ (Wρ \W ′ρ)
and pn ∈ E−h (ηn(υ)) ∩Wρ with pn → p. The unique geodesic segment between
pn and ηn(υ) belongs to M by Lemma 3.3, since one can find a path in E
+
h \
C+h ∩ (M ×M) between (ηn(ρ), ηn(υ)) and (pn, ηn(υ)). The existence of such a
path follows from the fact that Wρ is chosen such that Wρ ∩ E−h (ηn(υ)) is path-
connected. The intersection yn of the geodesic segment between pn and ηn(υ)
with E+h (η(0)) converges to η(υ) because the intersection of the geodesic segment
between p and η(υ) with E+h (η(0)) is η(υ). The unique geodesic in V between η(0)
and yn intersects Wρ to the past in a point xn since yn → η(υ) and the unique
geodesic between η(0) and η(υ) is η. Like before Lemma 3.3 implies xn ∈ E−g (yn)
using a path between pn and xn in Wρ ∩E−h (yn) \C−h (yn). Therefore the geodesic
segment between xn and yn lies in M . It follows that η(0) ∈M . 
Lemma 3.6. Let N be a smooth manifold of dimension at least 3, M ⊂ N open
and (N, h) globally hyperbolic such that (M,h|M ) is causally simple. Further let
η : [−1, 1] → N be a null geodesic with η|[−1,0) ⊂ M and ηn : [−1, 1] → M be a
sequence of null geodesics with η˙n(0)→ η˙(0). Assume that all ηn are disjoint from
J+h (η(0)). Then there exists a neighborhood U of η(0) in N such that
E−h (η(0)) ∩ U \ {η(0)} ⊂M.
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Proof. Choose an h-convex neighborhood V of η(0). Fix ρ ∈ [−1, 0) such that
η(ρ) ∈ V and an h|M -convex neighborhood W of η(ρ) in M . Let τ : N → R be
a smooth temporal function. By diminishing V and W one can assume that the
intersection of both E+h (p) and E
−
h (p) with
Wρ := W ∩ {τ = τ(η(ρ))}
is path connected for all p ∈ V .
Choose υ ∈ (0, 1) such that η(υ) ∈ V . Let β : [0, 1] → V be a future pointing
null geodesic segment with β(1) = η(0) not parallel to η. Thus β|[0,1) ⊂ I−h (η(υ)).
Hence for every t < 1 there exists n0 such that for all n ≥ n0 one has
β(t) ∈ I−h (ηn(υ)).
If β is parallel to any ηn, then η(0) lies on ηn, hence in M . Then the claim is trivial
since M is an open subset of N .
Therefore one can assume that β is not parallel to any ηn. This then holds
for all null geodesics through η(0) sufficiently close to β. Since η(0) /∈ J−h (ηn(υ))
there exists tn ∈ (t, 1) such that β(tn) ∈ E−h (ηn(υ)) for sufficiently large n. Let
[γn,β ] ∈ Nh be the unique class of null geodesics whose representatives contain
β(tn) and ηn(υ). Every representative of [γn,β] intersectsWρ for n sufficiently large
since tn → 1 and ηn(υ) → η(υ). Thus Lemma 3.3 implies that β(tn) ∈ M : Let
xn := γn,β ∩Wρ. Then one can find a path in Wρ ∩ E−h (ηn(υ)) from ηn(ρ) to xn
and hence a path in (E+h \C+h )∩ (M ×M) from (ηn(ρ), ηn(υ)) to (xn, ηn(υ)). Since
γn,β is a causal curve between xn and ηn(υ) unique up to parametrization it follows
that β(tn) ∈M .
For all β with β(0) ∈ Wρ one has β|[0,1) ⊂ M : The claim is trivial for β = η.
Therefore assume that β is not parallel to η. The sub arc of [γn,β ] between xn and
ηn(υ) lies in M . Now for every tn one can chose a path in Wρ ∩ E−h (β(tn)) from
xn to β(0). Therefore by Lemma 3.3 and local uniqueness of geodesics the geodesic
arc β|[0,tn] lies in M and since tn → 1 this implies β|[0,1) ⊂M .
For geodesics β which do not intersect Wρ to the past let β(t1) and β(t2) be
intersections of β with E−h (ηn1 (υ)) and E
−
h (ηn2(υ)), respectively. Assume t1 < t2
and n1, n2 sufficiently large. Choose [γi] := [γni,β ] ∈ Nh and xi := xni ∈ Wρ as
before. One has xi ∈ J−h (β(t2)).
The set J−h (ηn2(υ))∩V \γ2 is foliated by past-pointing null geodesics emanating
from points on γ2 prior to ηn2(υ). Consequently a path in Wρ ∩ J−h (β(t2)) from
x2 to x1 joined with γ1|[γ−1
1
(x1),γ
−1
1
(β(t2))]
induce a path in (E+h \ C+h ) ∩ (M ×M)
from (x2, x2) ∈ L+g to (β(t1), β(t2)), i.e. (β(t1), β(t2)) ∈ J+g . As before this implies
β|[t1,t2] ⊂M . 
Lemma 3.7. Let N be a smooth manifold of dimension at least 3, M ⊂ N open
and (N, h) globally hyperbolic such that (M,h|M ) is causally simple. Further let
η : [−1, 1]→ N
be a null geodesic with η|[−1,0) ⊂M and
{ηn : [−1, 1]→M}n∈N
be a sequence of null geodesics with η˙n(0) → η˙(0). Then the set η−1(M) is con-
nected.
Proof. Let r, w ∈ η−1(M) with r < w and assume that there exists r < s < w with
η(s) /∈ M . Without loss of generality one can assume that s is minimal in that
respect, i.e.
s = inf{s′ > r| η(s′) /∈M}.
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By Lemma 3.5 one knows that the sets η−1n (J
+
h (η(s))) are bounded away from s.
Fix n sufficiently large such that there exists p ∈ I+g (ηn(w)) ∩ I+g (η(w)). Choose a
timelike curve α : [w, 2]→M from ηn(w) to p. Define
β : [−1, 2]→M, β(t) :=
{
ηn(t), t ≤ w
α(t), t > w.
Let τ : N → R be a smooth temporal function. Set σ := τ(η(s)) and choose a
compact neighborhood U of η(s) according to Lemma 3.6 such that U ∩E−h (η(s))\
{η(s)} ⊂ M . Note that by the assumption that (M,h|M ) is causally simple it
follows that η(w) ∈ J+g (x) for all x ∈ U ∩ E−h (η(s)) \ {η(s)}. For δ > 0 define
Vδ := τ
−1([σ − δ, σ)) ∩ U ∩ E−h (η(s)) ⊂M
and
uδ := inf{u ∈ R|β(u) ∈ J+g (Vδ)}.
It follows that the parameter uδ is bounded from above by 2 and the function
δ 7→ uδ is monotonously decreasing.
For 0 < δ′ < δ sufficiently small the set Vδ \Vδ′ is precompact inM . Since (M, g)
is causally simple the precompactness of Vδ \ Vδ′ and the monotonicity of uδ imply
that there exists xδ ∈ Vδ such that β(uδ) ∈ J+g (xδ). Furthermore β(uδ) ∈ E+g (xδ)
by minimality of uδ.
Take a sequence δk ↓ 0 and a sequence xk := xδk . By construction one has
xk → η(s). Let γk : [0, 1] → M be a sequence of null geodesics connecting xk and
β(uδk). Note that the sequence {uδk}k∈N is monotonously increasing. Since the
geodesic flow is smooth one can assume that up to a subsequence the geodesics γk
converge in every Cl-norm to a null geodesic γ : [0, 1]→ N . This geodesic connects
η(s) and β(u∞), where u∞ denotes the limit of the sequence {uδk}k∈N.
Since (γk(0), γk(1)) ∈ E+g one concludes that the index form of every γk is
negative semidefinite (see Appendix A). Furthermore the negative semi-definiteness
is preserved under convergence of geodesics, i.e. the index form of γ is negative
semi-definite. This implies that the index form of γ|[0,b] is negative definite for all
b ∈ (0, 1). Hence no γ(b) is conjugated to γ(0) = η(s) along γ. Fix b < 1 such that
γ(b) ∈M .
Due to Lemma 3.6 one can choose a < 0 such that γ can be extended until a
and γ(t) ∈ M for all t ∈ [a, 0). Since the index form depends continuously on the
geodesic one can choose a such that the index form of γ|[a,b] is negative definite,
i.e. no point γ(t) is conjugated to γ(a) along γ for t ∈ [a, b]. Thus d expγ(a) is
non-singular along the line [0, b− a] · γ˙(a), i.e. dExp is non-singular along the line
[0, b− a] · γ˙(a). Thus there exists a neighborhood U of [0, b− a] · γ˙(a) such that
Exp : U → Exp(U) ⊂ N ×N
is a local diffeomorphism. Since Exp|[0,b−a]·γ˙(a) is bijective one can assume by
shrinking U if necessary that Exp|U is bijective and U is fibrewise star-shaped. For
p ∈ πTN (U) define Vp := expp(U ∩ TMp). Let v ∈ U ∩ TMp be null. Then [15,
Proposition 5.34] implies that there does not exist a timelike curve inside Vp between
p and expp(v). Applying this to v = γ˙k(a) ∈ U there exists an open neighborhood
V around γ|[a,b] such that for sufficiently large k the geodesics γk|[a,b] lie inside V
and two points that lie on a γk|[a,b] cannot be connected by a timelike curve inside
V .
The claim is now that there exists a′ ∈ [a, 0) such that (γ(a′), γ(b)) ∈ E+g .
Assuming the claim one has (γ(a′′), γ(b)) ∈ E+g for all a′′ ∈ [a′, 0). By a standard
argument it follows that γ|[a′,b] ⊂ M , especially implying that γ(0) = η(s) ∈ M .
This contradicts the assumption.
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The claim is proved if there exists a′ ∈ [a, 0) such that (γk(a′), γk(b)) ∈ E+g
for all k sufficiently large. Suppose the claim is false, i.e. there exists a sequence
a′k ↑ 0 with (γk(a′k), γk(b)) ∈ I+g . Choose a compact neighborhood W of γ(b) in
M ∩ V . Then for sufficiently large k there exists a null geodesic ζk : [0, 1] → M
from γk(a
′
k) to a point zk ∈ J−g (γk(b)) ∩W \ γk. This follows from the minimality
of uδk and uδk ↑ u∞. The geodesics ζk cannot be contained in the neighbourhood
V defined in the previous paragraph, since otherwise γk(a) and γk(b) would be
connected by a timelike curve inside V . A subsequence of {ζk}k∈N converges to a
null geodesic ζ : [0, 1]→ N connecting γ(0) with γ(b). The second assertion follows
since zk → γ(b) again by the minimality of uδk and uδk ↑ u∞. The geodesic ζ is not
a reparameterization of γ, i.e. ζ˙(1) and γ˙(b) are not parallel. Choose c < 1 with
ζ(c) ∈ W . Then there exists ǫ > 0 such that β(u∞ − ǫ) ∈ J+g (ζ(c)). By continuity
it follows that β(u∞ − ǫ/2) ∈ J+g (ζk(c)) ⊂ J+g (γk(a′k)). Note that for all δ > 0
one has either γk(a
′
k) ∈ J+g (Vδ) or γk intersects Vδ for all sufficiently large k. Since
a′k ↑ 0 it follows that u∞ < uδk − ǫ/2 for all k sufficiently large. This contradicts
limk→∞ uδk = u∞ and finishes the proof. 
Proof of Proposition 2.6. Since the null geodesics of two conformal metrics coincide
up to reparametrisations, one can assume without loss of generality that
i : (M, g) →֒ (N, h)
is an isometric embedding; in other words M is an open subset of N and g = h|M .
Recall that Ng was constructed as the quotient of the bundle of null covectors
by the action of the Euler vector field and the geodesic flow. By definition the
quotient map is open. Hence the obtained topology on Ng is second countable
and the Hausdorff property is equivalent to the uniqueness of limits for converging
sequences, see [2, Proposition 6.5].
Let [η0], [η1] ∈ Ng be classes of null geodesics and
{[ηn]}n∈N ⊂ Ng
be a sequence such that
η˙n → η˙0 and η˙n → η˙1
somewhere. Up to relabelling and reparameterization one can assume that all
geodesics are future pointing and η1 ⊂ J+h (η0). From the fact that Nh is Hausdorff
it readily follows that η0 and η1 are subarcs of the same null geodesicH : (α, ω)→ N
in (N, h).
By Lemma 3.7 the set H−1(M) is connected. Therefore the geodesics η0 and η1
are subarcs of the same geodesic in M , i.e. the sequence {[ηn]}n∈N has a unique
limit in Ng. 
4. Proof of Theorem 2.7
Recall that one considers a smooth function r : R → R with r(0,1) > 0, r(0) =
r(1) = 0 and |r′(0)|, |r′(1)| < 12pi . The graph of r(0,1) defines a surface of revolution
Σ parametrized by
X : (0, 1)× R→ R3, (x, ϕ) 7→ (x, r(x) cos ϕ, r(x) sinϕ).
The induced metric on Σ is given by
k =
[
1 + (r′)2
]
dx2 + r2dϕ.
Lemma 4.1. Every geodesic of (Σ, k) is either complete or is asymptotic in both
direction to x = 0 or x = 1. Further every pair of points in Σ is connected by a
minimal geodesic.
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Proof. The first part follows directly from Clairaut’s integral for the geodesic flow
of (Σ, k). For the second part note that one has
distk({x = x0}, {x = x1}) =
∣∣∣∣
∫ x1
x0
√
1 + (r′)2 dx
∣∣∣∣ ≥ |x1 − x0|
and
Lk({x = x0}) = 2πr(x0),
where distk denotes the distance and Lk denotes the length relative to k. For x0
sufficiently close to 0 or 1 one has thus Lk({x = x0}) < 1, which implies that
distk({x = x0}, {x = 0, 1}) > Lk({x = x0}).
Therefore no minimal geodesic between two points in Σ intersects the singularities
{x = 0} or {x = 1}. 
Corollary 4.2. The spacetime
(M, g) = (R× Σ,−dt2 + k)
is causally simple.
Proof. Since the projection M → R onto the first factor is a temporal function,
(M, g) is casual. It remains to show that J+g is closed: One has
(1) ((σ, p), (τ, q)) ∈ J+g ⇔ τ − σ ≥ distk(p, q)
by Lemma 4.1. The right-hand-side of (1) is a closed condition. The closeness of
J+g follows directly. 
Proposition 4.3. The space of null geodesics Ng is not Hausdorff.
Proof. Up to parametrization every null geodesic γ of (M, g) is of the form t 7→
(t, η(t)), where η is a k-arclength geodesic. Choose a sequence {ηn}n∈N of complete
k-arclength geodesics whose tangents approach the meridian tangents 1√
1+(r′)2
∂x.
The sequence {ηn}n then converges locally in every Cl-topology to a union of
meridians of (Σ, k). The induced sequence {γn}n has thus several limits in the
space of null geodesics, i.e. Ng is not Hausdorff. 
Theorem 2.7 follows from Corollary 4.2 and Proposition 4.3 in conjunction with
Theorem 2.5.
Appendix A. The index form of a null geodesic
Here we recall the definition and the properties of the index form of a null
geodesic for the convenience of the reader. The material with proofs and additional
explanations can be found in [1, Chapter 10] and the references therein. Let (M, g)
be a spacetime and γ : [a, b]→M be a null geodesic. Let
γ⊥ := {v ∈ γ∗TM | g(v, γ˙) = 0}
denote the orthogonal bundle to γ. Define a equivalence relation ∼ on γ⊥ by setting
v ∼ w if w − v ∈ span(γ˙). Denote with v the equivalence class of v ∈ γ⊥. The
quotient bundle
γ⊥ := γ⊥/ ∼
is a smooth bundle over [a, b]. Since γ is null one has g(v1, w1) = g(v2, w2) for all
v1, v2, w1, w2 ∈ γ⊥ with v1 = v2 and w1 = w2. The same is true for the curvature
endomorphism R(., γ˙)γ˙, i.e.
R(v, γ˙)γ˙ = R(w, γ˙)γ˙ ∈ γ⊥
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if v − w ∈ span(γ˙). Thus both the metric g and the curvature endomorphism
R(., γ˙)γ˙ descend to a well defined metric g on γ⊥ with
g(v, w) := g(v, w)
and a well defined endomorphism field R(., γ˙)γ˙ on γ⊥ with
R(v, γ˙)γ˙) := R(v, γ˙)γ˙.
If X ∈ Γ(γ⊥) then the covariant derivative is again a smooth section of γ⊥ and
if X − Y ∈ span(γ˙) everywhere, then ∇γ˙(X − Y ) ∈ span(γ˙) everywhere as well.
Therefore the covariant derivative ∇γ˙ descends to a covariant derivative on γ⊥.
Abbreviate the covariant derivative by a prime, i.e.
V ′ := ∇γ˙X,
where V denotes the quotient section of X ∈ Γ(γ⊥), i.e. Xt = Vt for all t ∈ [a, b].
Denote with X(γ) the piecewise smooth sections of γ⊥ and let
X0(γ) := {V ∈ X(γ)| Va = 0a and Vb = 0b},
where 0t denotes the zero vector in γ⊥t.
Definition A.1. A smooth section V ∈ X(γ) is said to be a Jacobi class in γ⊥ if
V satisfies the Jacobi equation
V ′′ +R(V, γ˙)γ˙ = 0.
Lemma A.2. Let W be a Jacobi class in X(γ). Then there exists a Jacobi field
Y ∈ Γ(γ⊥) with Yt = Wt for all t ∈ [a, b]. Conversely if Y is a Jacobi field in γ⊥,
then t 7→Wt := Yt is a Jacobi class in γ⊥.
Lemma A.3. Let W ∈ X(γ) be a Jacobi class with Wa = 0a and Wb = 0b. Then
there is a unique Jacobi field Z ∈ Γ(γ⊥) with Zt = Wt for all t ∈ [a, b] that vanishes
at a and b.
Definition A.4. For s 6= t ∈ [a, b], s and t are said to be conjugated along γ if
there exists a Jacobi class W 6= 0 in X(γ) with Ws = 0s and Wt = 0t. Also t ∈ (a, b]
is said to be a conjugate point of γ if s = a and t are conjugate along γ.
Definition A.5. The index form I : X(γ)× X(γ)→ R is given by
I(V,W ) = −
∫ b
a
[g(V ′,W ′)− g(R(V, γ˙)γ˙,W )]dt.
Theorem A.6. Let γ : [a, b]→ M be a null geodesic segment. Then the following
are equivalent:
(a) The segment γ has no conjugate points to s = a in (a, b].
(b) I(W,W ) < 0 for all W ∈ X0(γ), W 6= 0.
References
[1] Beem, J. K., Ehrlich, P. E., Easley, K. L., Global Lorentzian Geometry. Monographs and
Textbooks in Pure and Applied Mathematics, 202, Second Edition, Marcel Dekker Inc., New
York, 1996.
[2] Bredon, G. E., Topology and geometry. Graduate Texts in Mathematics, 139, Springer-Verlag,
New York, 1997.
[3] Bernard, P., Suhr, S., Lyapounov Functions of closed Cone Fields: from Conley Theory to
Time Functions. Comm. Math. Phys. 359 (2018), no. 2, 467–498.
[4] Brickell, F., Clark, R.S., Differentiable manifolds: An Introduction. The New University
Mathematics Series, Van Nostrand Reinhold, London, 1970.
[5] Chernov, V., Conjectures on the relations of linking and causality in causally simple space-
times. Class. Quantum Grav. 35 (2018), 105010.
14 JAKOB HEDICKE AND STEFAN SUHR
[6] Flores, J. L., Herrera, J., Sánchez, M., On the final definition of the causal boundary and its
relation with the conformal boundary. Adv. Theor. Math. Phys. 15 (2011), no. 4, 991–1057.
[7] Guillemin, V., Cosmology in (2 + 1)-dimensions, cyclic Models, and Deformations of M2,1.
Annals of Mathematics Studies, 121, Princeton University Press, Princeton, 1989.
[8] Lee, J., Introduction to Smooth Manifolds. Graduate Texts in Mathematics, 218, Second
Edition, Springer, New York, 2013.
[9] Low, R. J., The geometry of the space of null geodesics. J. Math. Phys. 30 (1989), no. 4,
809–811.
[10] Low, R. J., Spaces of causal paths and naked singularities. Class. Quantum Grav. 7 (1990),
943–954.
[11] Low, R. J., The Space of Null Geodesics (and a New Causal Boundary). In: Frauendiener
J., Giulini D.J., Perlick V. (eds) Analytical and Numerical Approaches to Mathematical
Relativity. Lecture Notes in Physics, 692, Springer, Berlin, Heidelberg, 2006.
[12] Minguzzi, E., Limit curve theorems in Lorentzian geometry. J. Math. Phys. 49, 092501, 2008.
[13] Minguzzi, E. Sánchez, M., The causal hierarchy of spacetimes. Recent developments in
pseudo-Riemannian geometry, 299–358, ESI Lect. Math. Phys., Eur. Math. Soc., 2008.
[14] Suhr, S., A Counterexample to Guillemin’s Zollfrei Conjecture, J. Topol. Anal. 05 (2013),
251–260.
[15] o’Neill, B., Semi-Riemannian Geometry, With applications to relativity. Pure and Applied
Mathematics, 103, Academic Press, Inc., New York, 1983.
Ruhr-Universität Bochum, Fakultät für Mathematik, Universitätsstraße 150, 44801
Bochum, Germany
E-mail address: Jakob.Hedicke@ruhr-uni-bochum.de, Stefan.Suhr@ruhr-uni-bochum.de
